Force Systems

Part III


- Why is force a vector quantity?


- Other Frequently Asked Questions


- Review of Trigonometry


- Review of Analytic Geometry


- Review of Vector Analysis


- Force Representations 


- Moment of a Force


- Newton’s Laws


- Equilibrium


- Concurrent Force Systems 

a. Resultant of Coplanar Forces

b. Resultant of Non-Coplanar Forces

Concurrent Force Systems
In this section we will examine various aspects of concurrent force systems.  The topics examined here are principally aimed at the discussion of statics of particles.

Resultant of Coplanar Forces: When we are examining a system involving two or more forces, we are usually interested in finding the resultant force in terms of its magnitude as well as direction.  The graphical, trigonometric, and vector approaches discussed earlier can be applied to problems involving coplanar (two-dimensional) forces.  


We will expand on this discussion with the help of the following example problems.


Example 1: Two tugboats are towing a cargo ship as shown below.  Tugboat A exerts a force of 15,000 N at a 30º angle while tugboat B exerts a force of 20,000 N at a 50º angle.  Determine the magnitude and direction of the resultant force acting on the cargo ship.
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Solution: We begin the analysis by drawing the known force vectors.  We then construct the force triangle by a head-to-tail connection of the two force components.
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Graphical Approach: If the two known sides of the force triangle are drawn to scale, then we can simply measure the length of the resultant vector and multiply it times the scale factor, used for the other two sides, to find its magnitude.  To find its direction, we can use a compass to measure its angle from the same reference line.  

The accuracy of graphical approach depends on the accuracy in drawing the force triangle and the accuracy in measuring the length and angle of the resultant.  Hence, it could be subject to a considerable error.  

Trigonometric Approach: An alternative approach is to use the laws of sines and cosines to solve for the resultant.  To do this, we need to first determine the angle  in the force triangle.  With the help of the force parallelogram shown below, we determine the value of  knowing that the opposite corners of a parallelogram have equal angles.  
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With  known, we can use the law of cosines given as
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to solve for the magnitude of the resultant force
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We then use the law of sines to solve for angle 
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Therefore, the direction of the resultant force is 16.8º below the horizontal reference line.
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Scalar Approach: In this approach, we resolve the force exerted by each tugboat into its x and y components as shown below
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We then add the force components in the x direction together, and those in the y direction together to obtain the x and y components of the force resultant, respectively.  In doing this, we must pay close attention to the sign convention on individual force components.
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With its components known, we can now solve for the magnitude of the force resultant as
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The direction of the force resultant, , is found as
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Since  is measured positive in the counter clockwise direction from x axis, the force resultant is, therefore, directed below the x axis as shown below. 

 

We see that the solution found by this approach matches that found by the trigonometric approach.  We next examine the vector approach.


Vector Approach: In this approach, each force is represented by its components in the rectangular Cartesian coordinates as
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We can then solve for the force resultant by adding the two force vectors together.
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The magnitude and direction of the force resultant are then found in the same manner as that described in the scalar approach.

Having found the resultant force vector on the cargo ship, we know its direction of motion. 


Example 2: This example is a variant of the problem considered in Example 1.  In this case, tugboat A is exerting a force of 15,000 N at 30º angle.  We are interested in knowing the magnitude and direction of forces exerted by tugboat B on the cargo ship such that the resultant towing force is 30,000 N in the horizontal direction, as shown in the figure.





Solution: Having discussed, in previous example, various approaches to analyze a co-planar concurrent force system, we focus here on the scalar approach.   The schematic drawing of the forces is shown below.   The magnitude and direction of the force exerted by Tugboat A and those of the force resultant are known.  The unknown quantities are the magnitude and direction of the force exerted by tugboat B.


The force equations in x and y directions are used to find the components of 
[image: image13.wmf]. 
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With the two components of force 
[image: image16.wmf] known, we can solve for its magnitude and direction as
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Therefore, tugboat B should apply a force of 18,590 N at an angle of 24º below the x axis.

Resultant of Non-Coplanar Forces: The discussion in this section mainly applies to systems involving more than two concurrent forces.  A simple experiment of holding two pencils (as a model of two vectors) end to end and rotating them around at various angles will show that two concurrent vectors are always coplanar.  Therefore, we could use the graphical approach in finding the resultant.  The complexity arises, however, when the two forces are located in a plane other than xy, xz, or yz plane, or when the system involves three or more non-coplanar forces.  In that case, it would be easier to use trigonometric or vector approach to find the resultant force.  Here, we make use of direction cosines and/or unit vector to help define the exact direction of a force vector.  The analysis of such a system is demonstrated in the following example.


Example: An antenna tower is held in the vertical position with the help of three cables.  The tensile force in cable AB is 2,000 lb, in AC is 2,500 lb, and in AD is 2,200 lb.  Based on the geometry shown below, determine

a. the magnitude and direction of the resultant force acting on the antenna at A,

b. the angle between cables AB and AC.



Solution: We begin the analysis by drawing the known force vectors acting through point A for clarity.  


Part a: We are given the magnitude of tension in each cable, but not its direction.  So we begin by first calculating the unit vector associated with each force.  To do this, we make use of the position vector measured from point A to each of the three base support points in xy plane.  Knowing the coordinates A(0,0,100), B(-8,-30,0), C(25,40,0), and D(-35,10,0), we get
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Next, we divide each position vector by its magnitude to find the corresponding unit vector.


[image: image22.wmf]

[image: image23.wmf]

[image: image24.wmf]
With each unit vector known, we can express the tension in each cable as
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Now, a simple vector addition will give us the resultant force vector
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The magnitude of the resultant force is found as
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The direction of the resultant force can be defined in terms of the unit vector in the same direction.
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The unit vector indicates that the resultant force is very close to being completely in the -z direction.  To check the validity of this result, we can go back and take a look at the individual forces found previously.  When we look at the three forces, we find that not only all three have a negative z component, but that the z component in each case is much larger that the other two.  

Part b: To find the angle between cables AB and AC, we use the dot product between any vector along AB with any vector along AC.  Recall that the dot product between two vectors can be expressed as
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where 
[image: image32.wmf] represents the angle between vectors 
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[image: image34.wmf].  Using the position vectors along AB and AC we find the desired angle as
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Modification of Antenna Tower Design: Having done the force analysis, we can determine whether the tower will be held in the vertical position as was originally intended.  And if not, what modifications can be made to it to keep it vertical. 

A tower of this type is usually supported at its base by a ball and socket so that there is no moment at the base, and the cables can be adjusted to position the tower in the desired orientation.

Therefore, to keep the tower vertical, the direction of the resultant force has to be completely vertical (in the –z direction). To achieve this objective, we must adjust the support cables.  Since a force vector consists of both magnitude and direction, we can either adjust the magnitude of forces in the cables, or move the base end of one or more cables to change the direction of the resultant force. 

Alternative 1: Let’s consider the case of adjusting the tension in the cables with the help of turnbuckles.  Also let us assume that a resultant force of 6,300 lb is acceptable in this case.  Therefore, we can proceed as follows.  The intent is to have the resultant force vector be defined as
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Since we are keeping the direction of each cable force the same, we can write the cable force vectors as
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Knowing that
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we can write
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This system of linear equations can be expressed in matrix form as
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The solution of this matrix equation gives
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As can be seen, a considerable tension increase in cable AB is needed to meet this objective.

If we find this change unacceptable, as the tension in cable AB may be greater than what it can handle, then we must consider moving the base point of one or more cables as discussed next.

Alternative 2: In this case, we will keep the cable forces as originally stated, and consider changing the location of point B to a point in xy plane such that the direction of the resultant force will be in the –z axis. 








We can start from the scalar equations
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We know the magnitude of force in each cable.  We also know the unit vectors in direction of AC, AD and R.  Making the proper substitutions gives
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In addition to the above equations we know that
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From the solution of these four equations we get
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Having found the components of the force vector in cable AB, we can express the unit vector along that cable as
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Recognizing the equality of corresponding terms in the right sides of the two equations and the fact that point B is in xy plane, we can write
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Recognizing that 
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we find
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Comparing the new location of point B to that specified in the original problem, we see that it needs to be moved 1.56 ft more in the –x direction but 37.12 ft more in the –y direction. 

It is important that we always be aware of such design issues as discussed in this example, and make rational decisions in modifying the design based on proper engineering analysis. 
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Use an actual photo if one can be found.  Or ask Mike C. to draw it by his CAD tool.
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